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ABSTRACT.  A Bayesian approach for characterizing the damage in beams utilizing guided waves is 
presented. The proposed methodology treats the damage location, length, depth and the Young’s 
modulus of the material as unknown model parameters. A two-stage optimization approach is applied 
for damage characterization using simulated annealing algorithm to first guarantee that the solution is 
close to the global optimum, followed by a standard simplex search method that maximizes the 
probability density function of a damage scenario conditional on the measurement data. One 
advantage of the proposed method is that instead of only pinpointing the damage location and extent, 
the uncertainty associated with the damage characterization results is also quantified. A series of 
comprehensive numerical case studies utilizing the spectral finite element method to model the wave 
propagation and scattering at the step damage are used to examine the accuracy and robustness of the 
proposed methodology. The studies include investigations of the influence of practical situations such 
as the effects of measurement noise, uncertainty of Young’s modulus due to the temperature change, 
and interference of boundary reflections and scattered waves on the damage characterization results.  
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INTRODUCTION 
 
In last several decades, different damage detection techniques [1-7] have been 
developed to improve the safety and reliability of structures. Guided waves have been 
widely reported to be capable of monitoring large areas of structures and also being 
efficient and sensitive in detecting damage [3-5]. This paper investigates the application of 
a probabilistic damage characterization methodology to identify laminar damages in beam 
structures. Different to the existing methods, the Bayesian statistical framework [6] is 
employed to calculate the probability density function (PDF) of the predicted damage 
characteristics. Thus the proposed methodology not only identifies the damage but also 
quantifies the uncertainties associated with the damage detection results. Such information 
is essential for making decisions about necessary remedial work. The proposed 
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which the PDF of the damage scenario is maximized conditional on the set of measured 
data. A series of numerical studies are used to validate the proposed methodology with the 
consideration of the influence of practical situations such as the effects of measurement 
noise, uncertainty of Young’s modulus due to temperature change, and interference of 
boundary reflections and scattered waves on the damage characterization results. 
 
METHODOLOGY 
 
Spectral Finite Element Modeling of Longitudinal Wave Propagation in Damaged 
Beams 
 
In the spectral finite element (SFE) method, the governing equation of the longitudinal 
wave propagation can be transformed from time domain ( , )u x t  to frequency domain 
ˆ( , )nu x   at the discrete circular frequency component n  [7] as 
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out up to the Nyquist frequency N . /c E   is the speed of the fundamental 
longitudinal wave in a material with Young’s modulus E  and density  . i  is the 
imaginary unit. The general longitudinal displacement of a SFE with length jL  in 
frequency domain can be written as 
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where C and C  are unknown coefficients to be calculated and can be expressed in term 
of nodal spectral displacements  as  
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where uˆ  and uˆ  are the longitudinal displacements in frequency domain at the left- and 
right-hand side nodes of the SFE, respectively. Using the boundary conditions [7,8] 
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where jA  is the cross-sectional area. The forces can be related to the unknown coefficients 
C and C  as 
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Using Equations (3) and (5), the relation between the nodal forces and the nodal 
displacements is then given as 706
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where 
n
K is the local dynamic stiffness matrix for a SFE at frequency n . 
A semi-infinite beam with a step damage is modeled using three SFEs and one 
throw-off element [7,8] as shown in Fig. 1. The dynamic stiffness matrix of the throw-off 
element is 
n n jik EA K
 . The step damage is simulated by reducing the cross-sectional 
area of element EL2, 2 ( )A b h d  . The cross-sectional areas of the other elements are 
jA bh  ( j = 0, 1 and 3), where b  and h  are the width and thickness of the beam, 
respectively, and d  is the depth of the step damage. A global dynamic stiffness matrix can 
be obtained following the stiffness assembly approach of the conventional finite element 
method. The spectral longitudinal displacements ˆ( , )nu x   can then be calculated for each 
frequency step n . Finally, the time domain longitudinal displacement ( , )u x t  is 
reconstructed by transforming a set of  ˆ( , )nu x   into time domain using the inverse fast 
Fourier transform. 
The damage location and length are parameterized by the length of EL1 1( )L  and 
EL2 2( )L , respectively. In addition it is assumed that there exists some uncertainty related 
to the Young’s modulus of the material. Thus the model parameters considered in the 
probabilistic damage characterization are 
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Probabilistic Damage Characterization Approach 
 
The Bayesian statistical framework [6,8] is employed to determine the uncertain 
model parameters of the damaged beam. This method not only identifies the optimal 
values of the damage characterization results but also quantify the uncertainties associated 
with the identified model parameters by calculating the posterior (updated) PDF. In this 
paper the uncertain parameter vector { , } ( )T T S     is updated, where   contains the 
damage location 1( )L , length 2( )L , depth ( )d  and Young’s modulus ( )E , as shown in 
Equation (7).   is the prediction error of the guided wave response and ( )S   is a set of 
possible parameter values for  . 
 
 
 
FIGURE 1.  Semi-infinite spectral finite element model of a beam with a step damage (Reprinted with 
permission from [8] © 2009 Elsevier). 
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The posterior PDF of the uncertain parameter vector  , conditional on a given set 
of measured guided wave responses D  and the class of the damaged beam model M , can 
be expressed using Bayes’ theorem as [6,8] 
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where ( | ) ( )p M    is the prior (initial) PDF of   which allows the inclusion of 
engineering judgment about the plausibility of the values of  . It can be chosen as a 
smooth, slowly varying PDF, which is mathematically convenient and roughly reflects the 
engineer’s judgment regarding the relative plausibility of different values of the parameter 
vector  . ( | )p D M  is a normalization term which ensure the left-hand side of Equation 
(8) is equal to unity. ( | , )p D M  is the contribution of the measured guided wave signal 
and is given by [6] 
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where ( )mu t  is the measured guided wave response at the t th time step, and ( , )u x   is the 
calculated guided wave response based on the model class M  for a given set of uncertain 
parameters  . tN  and oN  are the number of measured time steps and the number of 
measurement points, respectively.  denotes the standard Euclidean norm of the second 
kind. The posterior PDF of the uncertain parameters   can be obtained from 
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where  is a normalizing constant. As the measured guided wave response usually contains 
a large number of data points, the posterior PDF of the uncertain parameters   can be 
obtained using the asymptotic approximation [11] as 
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where 1  is another normalizing constant and ( 1) / 2J oN NN  . ( )J   quantifies the 
correlation between the measured and simulated guided wave response data, and is defined 
as  
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where 2ˆ ( )   is the most probable variance for given   . It depends on the choice of the 
model parameters  . 
To determine the most ‘plausible’ damage scenario based on a given set of 
measured guided waves responses, it is required to maximize the PDF in Equation (8) 
which is equivalent to minimizing the ( )J  function in Equation (12). It is clear that ( )J   
is highly nonlinear which implies that there exist many local optimal solutions in the 708
 
 
parameter space of interest. A two-stage optimization approach [8] is employed to 
determine the global optimal solution. A stochastic optimization algorithm, namely 
simulated annealing (SA) [9] is first employed to identify a solution that is close to the 
global optimum. This solution is then employed as the initial trial for a simplex search 
method [10] that accurately determines the global optimal solution. 
After a finite number of optimal points are determined, the posterior PDF of the 
system parameter vector   for the given D  and M  can be approximated by a weighted 
sum of Gaussian distributions centered at the Q  optimal points as 
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where ( , )"! #  denotes a multivariate Gaussian distribution with mean "  and covariance 
matrix # . 1 ( )ˆ( )qN
H   is the inverse of the Hessian matrix of the function ( ) ln ( )Jg N J   
evaluated at the optimal values ( )ˆ q , 1,...,q Q . The weighting coefficients qw  are defined 
as 
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As a result, the confidence level of the damage detection results can be quantified as the 
posterior PDF. This information is extremely important for engineers to make judgment on 
any possible remedial work. 
 
NUMERICAL CASE STUDIES 
 
A series of numerical case studies are used to examine the accuracy and robustness 
of the proposed methodology. The test system consists of a 2 m long aluminum beam with 
width b , height h , Young’s modulus E  and density   of 12 mm, 6 mm, 72 GPa and 
2750 kg/m3, respectively. The uncertainty of the Young’s modulus E  is assumed to be %
5% of the actual value. The fundamental mode of longitudinal guided wave is excited by 
applying an axial force to the left-hand side of the beam. The excitation consists of a 100 
kHz narrow-band six-cycle sinusoidal tone burst modulated by a Hanning window. The 
measurement point is located at the centre of the beam and the guided wave response is 
measured until the incident pulse reflected from the free end of the beam arrives at the 
measurement location. Measurement error is considered, and is simulated by applying 
white noise to the time-domain response of the guided wave. Without loss of generality, it 
is assumed that the possible damage location varies between the centre and the right end of 
the beam. The maximum possible damage length and depth to be considered are 50 mm 
and 5.9 mm, respectively. Table  1 shows a summary of all the cases in which the effects 
of measurement noise, uncertainty of Young’s modulus due to temperature change, 
interference of boundary reflections and scattered waves on the damage characterization 
results are considered to confront the practical situations. 
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TABLE 1.  Summary of all numerical cases 
 
Situation Case 1L (mm) 2L (mm) d (mm) Noise (%) 
Reference case A 1400 30 1 5 
Different measurement noise 
B1 1400 30 1 2.5 
B2 1400 30 1 7.5 
B3 1400 30 1 15 
Different 1L  
C1 1600 30 1 5 
C2 1900 30 1 5 
C3 1960 30 1 5 
 
Case A is considered as a reference situation. It can be seen that the identified 
damage parameters are very close to the true value as shown in Table 2. In addition to the 
predicted values, the proposed methodology also quantifies the uncertainties associated 
with these values by calculating the posterior PDF for the set of uncertain model 
parameters. Figure 2a shows normalized PDF of identified damage length and depth. The 
PDF value drops very sharply, even for small deviations from the optimal damage length 
and depth, which indicates the high confidence level that can be ascribed to the predicted 
damage characteristics.  
The solid curve in Fig. 3 shows the marginal cumulative distribution of the 
identified damage length for Case A in which a steeper curve means less uncertainty. The 
identified damage length in the marginal cumulative distribution graph (Fig. 3) is 
normalized so the true value is equal to 1. Another convenient way to quantify uncertainty 
is to calculate the coefficient of variation (COV). The values in the bracket of Table 2 
show the COV of the identified results. All the COV of the identified results are very small 
which mean that the corresponding confidence level is high. 
The effect of different levels of measurement noise on the characterization results 
is investigated in Cases A and B1 to B3. Cases B1 to B3 are identical to Case A except for 
the level of random noise superimposed on the measured time signals, which are assumed 
to be 2.5% for Case B1, 7.5% for Case B2 and 15% for Case B3 compared with 5% for 
Case A. The identified values for the uncertain parameters in these cases are summarized 
in Table 2. The results show that all of the identified values are close to the true values, 
even for Case B3 with 15% measurement noise. The identified damage location, length 
and depth demonstrate that, as expected, the accuracy of the damage characteristics 
decreases with increased measurement noise. As shown in Fig. 3, the case with large 
 
a) 2
( )L mm  
( )d mm       b)  
 
FIGURE 2.  Normalized marginal probability density function of the identified 2L  and d in a) Cases A and 
b) B3 (Reprinted with permission from [8] © 2009 Elsevier). 
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FIGURE 3. Marginal cumulative distribution of the normalized identified damage depth 2( )L  in Cases A 
and B1-B3. (Reprinted with permission from [8] © 2009 Elsevier). 
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FIGURE 4.  Simulated guided wave response at the measurement point in Cases A, C2 and C3. (Reprinted 
with permission from [8] © 2009 Elsevier). 
 
measurement noise has more uncertainty associated with the identified results. Figure 2b 
shows the normalized PDF of identified damage length and depth in Case B3. The PDF 
value for small deviations drops more slowly from the optimal damage length and depth in 
any direction compared with Fig. 2a. This shows that the uncertainties associated with the 
identified damage length and depth are higher in Case B3 than in Case A. 
Figure 4 shows the simulated guided wave response signals for Cases A, C2 and C3. 
The damage of the three cases has the same length and depth but is located at different 
locations along the beam. It is clear from the figure that the scatter pulse from the damage 
overlaps with the incident pulse reflected from the beam end when the damage is close to the 
end of the beam. Most of the non-model based methods have difficulty in identifying damage 
in such situations because they rely on accurate baseline subtraction, which is challenging for 
interfering pulses. The effect of the damage location 1L  is examined in Cases C1 to C3 and the 
results are summarized in Table 2. First of all, the proposed methodology identifies all the 
damage parameters accurately. The proposed methodology has no problem on identifying the 
damage close to the end of the beam. The COV values in Table 2 show that the uncertainties of 
the predictions for Cases A and C1 to C3 are at the same order of magnitude, which indicates711
 
 
TABLE 2.  Identified results and corresponding COVs for all cases. 
 
Case 1L (mm) (COV) 2L (mm) (COV) d (mm) (COV) E  (GPa) (COV) 
A 1399.99 (0.009%) 29.80 (0.54%) 1.04 (2.73%) 72.00 (0.0015%) 
B1 1400.00 (0.004%) 29.90 (0.28%) 1.02 (1.40%) 72.00 (0.0008%) 
B2 1399.98 (0.013%) 29.71 (0.78%) 1.06 (3.98%) 72.00 (0.0023%) 
B3 1399.96 (0.024%) 29.49 (1.42)% 1.12 (7.42%) 72.00 (0.0045%) 
C1 1599.96 (0.008%) 30.03 (0.58%) 1.00 (2.87%) 72.00 (0.0015%) 
C2 1899.70 (0.007%) 30.27 (0.51%) 0.95 (2.87%) 72.00 (0.0015%) 
C3 1960.00 (0.005%) 29.74 (0.64%) 1.01 (3.15%) 72.00 (0.0026%) 
 
that the uncertainties of the predictions are very similar. Besides it also shows that the 
accuracy of the damage characterization results is not affected by the damage location as 
long as there is only limited interference from the scattered wave and the wave reflected 
from the beam end. 
 
CONCLUSIONS 
 
A probabilistic optimization approach for damage characterization utilizing guided 
waves is introduced in this paper. The proposed methodology not only determines the 
multivariate damage characteristics, but also quantifies the uncertainties of the predicted 
values, thus providing essential information for making decisions on necessary remedial 
work. A series of numerical case studies are carried out using SFE wave propagation 
modeling that considers measurement noise and material uncertainty. The results of case 
studies demonstrate the potential and robustness of the proposed method. All three damage 
parameters (location, length and depth) are successfully identified, even for damage 
located close to the end of the beam and small damage. 
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